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Since the pioneering work of Ramsey, atom interferometers are employed for precision metrology,
in particular to measure time and to realize the second. In a classical interferometer, an ensemble
of atoms is prepared in one of the two input states, whereas the second one is left empty. In this
case, the vacuum noise restricts the precision of the interferometer to the standard quantum limit
(SQL). Here, we propose and experimentally demonstrate a novel clock configuration that surpasses
the SQL by squeezing the vacuum in the empty input state. We create a squeezed vacuum state
containing an average of 0.75 atoms to improve the clock sensitivity of 10, 000 atoms by 2.05+.34−.37 dB.
The SQL poses a significant limitation for today’s microwave fountain clocks, which serve as the
main time reference. We evaluate the major technical limitations and challenges for devising a next
generation of fountain clocks based on atomic squeezed vacuum.
Precision measurements allow to probe the boundaries
of our understanding of physics. Prominent recent ex-
amples include the discovery of gravitational waves with
optical interferometers [1] and the improving bounds on
the drift of fundamental constants with atomic interfer-
ometers [2, 3]. The current generation of atomic and
optical interferometers is however fundamentally limited
by vacuum noise, the so-called standard quantum limit
(SQL). Squeezing the vacuum entering one port of an
optical gravitational wave detector was proposed [4] in
the 80s to surpass the SQL when measuring the length
difference between two optical paths. Can squeezed vac-
uum be useful to improve the measurement of time? Up
to now, the concept of vacuum squeezing has not been
transferred to atomic clocks or atom interferometry in
general.
In this Letter, we design and implement an atom in-
terferometer in clock configuration which exploits atomic
squeezed vacuum. The clock is operated by combining
N = 104 atoms in one input state with a quadrature-
squeezed vacuum with an average of 0.75 atoms in the
second input state. The squeezed-vacuum is generated
by spin-changing collisions in a Bose-Einstein conden-
sate of neutral 87Rb atoms – in direct analogy to optical
parametric down-conversion [5–7]. In contrast to existing
methods [8–17] to increase the sensitivity of atomic clocks
beyond the SQL in large ensembles, our concept disen-
tangles the challenge of increasing the number of atoms
(in the main input state) from the creation of squeezing
(in the vacuum state). In particular, the vacuum state
remains weakly populated during its preparation, making
it immune to losses. These central advantages are also
exploited in squeezed-vacuum optical interferometers for
the detection of gravitational waves, as demonstrated in
GEO600 [18] and LIGO [19], where coherent states of
> 10 W are combined with a low-power squeezed vacuum
state to achieve sub-SQL measurement uncertainty.
Our atomic clock consists of a four-mode linear Ram-
sey interferometer when described in terms of the Zeeman
states |±1〉 = |F = 1,mF = ±1〉, |0〉 = |F = 1,mF = 0〉
and |e〉 = |F = 2,mF = 0〉 (see Fig. 1). It can however
be reduced to a standard two-level Ramsey sequence in
terms of the magnetically insensitive clock states |g〉 =
|+1〉+|−1〉√
2 and |e〉 (see Fig. 1 and [20]). The atoms are pre-
pared in a balanced superposition of these clock states,
where they sense the evolution of time by acquiring a
phase shift θ = 2pi τ δ, which depends on the detuning
δ of the employed microwave oscillator and the phase
evolution time τ = τR + τmw, where τR is the Ramsey
interrogation time and τmw is the microwave pulse du-
ration. After a second coupling between the two states,
the phase estimation is obtained from the measurement
of the fraction f = NgN ≈ N+1+N−1N of atoms in the output
state |g〉, which can be obtained directly from an absorp-
tion image of all three Zeeman components. Figure 2 (a)
presents the Ramsey fringes for the classical case, when
the hyperfine level |g〉 is initially empty. The average
fraction f¯ is shown as a function of the microwave de-
tuning for three Ramsey times τR and is well reproduced
by a single-atom model [20]. The slightly reduced con-
trast for larger τR stems from the influence of a small
radio-frequency detuning as well as magnetic field noise.
For small τR the data are in good agreement with the
noiseless prediction f¯ = sin2 piδτ .
The clock performance is evaluated for a vanishing
time τR = 0 between the two microwave pulses to min-
imize technical noise. For a microwave pulse length of
2 τmw = 90.4µs and a detuning of δ = −5.5 kHz we reach
the mid-fringe position θ = 2pi τmw δ = pi/2, where the
slope ∂f¯/∂θ reaches its maximum value 1/2. Here, τmw
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FIG. 1. The three-mode interferometer. (a) Hyperfine ground states of 87Rb. (I) A Bose-Einstein condensate in the state
|0〉 = |F = 1,mF = 0〉 is coupled to the states |1,±1〉 by a resonant radio-frequency pulse. The second-order Zeeman shift is
compensated by a detuned microwave dressing to the state |2,−2〉. (II) A detuned microwave pulse couples the states |0〉 = |1, 0〉
and |e〉 = |2, 0〉. These two pulses form an effective pi/2 pulse between |1,±1〉 and |e〉. (III) After a Ramsey evolution time τR, a
second detuned microwave pulse is applied. (IV) A final radio-frequency pulse coupling |0〉 and |1,±1〉 closes the interferometer.
(b) The interferometer corresponds to two three-mode beam splitters and a phase shift in between. The total number of atoms
N enters the central state |0〉. A measurement of all three components N−1,0,1 after the interferometer allows for an estimation
of the phase shift θ. (c) The interferometer can be simplified by introducing the symmetric state |g〉 and the antisymmetric
state |h〉. The three-mode beam splitters only couple to the symmetric state, thus yielding an effective two-mode interferometer
with an unchanged antisymmetric state.
is chosen such that all atoms return to the state |0〉. On
mid-fringe position, the full interferometer sequence can
be described as a single, symmetric beam splitter with
the output states |0〉 and |g〉. Due to the large number
of atoms in the state |0〉, which act as a local oscilla-
tor with a defined phase ϕ in the quantum optics sense,
the interferometer sequence presents a standard homo-
dyne measurement of the quadratures in state |g〉. There-
fore, the fluctuations of the interferometer output reflect
the quadrature fluctuations: (∆f)2 = (∆X)2/(2N) [20].
Here, X = 1√2 (e
−iϕg+eiϕg†) and P = 1
i
√
2 (e
−iϕg−eiϕg†)
are quadrature operators of the symmetric state |g〉, de-
fined in terms of the creation and annihilation operators
g† and g, respectively, and ϕ is the local oscillator phase.
With an initially empty state |g〉, the quadrature fluctua-
tion is (∆X)2 = 12 . This limits the ideal phase estimation
uncertainty to (∆θ)2 = (∆f)2/(∂f¯/∂θ)2 = 1/N . In our
experiments, we record a value of (∆f)2 = 1.48/N , which
is 1.69 dB above the vacuum limit due to technical noise
mainly caused by magnetic field fluctuations [20].
The sensitivity of our interferometer can surpass the
SQL when quadrature fluctuations are squeezed below
the vacuum limit, (∆X)2 < 1/2. We create a squeezed
vacuum state by initiating spin dynamics in the Bose-
Einstein condensate prior to the interferometer sequence.
In direct analogy to optical parametric down-conversion,
spin dynamics creates pairs of atoms according to the
two-mode squeezing Hamiltonian [5] H = ~Ω(a†+1a
†
−1 +
a+1a−1), where a†±1 and a±1 are the creation and annihi-
lation operators for atoms in |±1〉, and Ω = 2pi × 3.9 s−1
is the spin dynamics rate. Using the operators g =
(a+1 + a−1)/
√
2 and h = (a+1 − a−1)/
√
2, this Hamilto-
nian simplifies to H = Hg−Hh, with Hg = ~Ω2 (g†g†+gg)
and the analogous definition for Hh. Spin dynamics
e−iHt/~ = e−ir(g†g†+gg)/2 ⊗ eir(h†h†+hh)/2 can thus be
written in terms of the product of usual single-mode
quadrature-squeezing operators [21], where r = Ωt. We
apply spin dynamics for 32 ms, which creates a mean
number sinh2 r = 0.75 of atoms in each of the two states.
This number is extremely small compared to the total
of N ≈ 104 atoms, such that the influence of the anti-
symmetric state to the interferometer signal is negligible
and we can approximate f = N+1+N−1N =
Ng+Nh
N ≈ NgN .
Even though the symmetric state |g〉 is only weakly pop-
ulated, it has a strong influence on the interferometric
sensitivity. The squeezing allows for reduced quadrature
fluctuations of (∆X)2 = 12e−2r <
1
2 for r > 0 at an op-
timal local oscillator phase ϕ = pi4 . Experimentally, the
phase ϕ is adjusted by applying a controlled energy shift
with the microwave dressing field for a variable duration
t prior to the interferometer sequence.
Figure 2 (b) shows the variance of the population im-
balance (∆f)2 as a function of the adjusted phase rela-
tion. At an optimum value of t = 300µs, a minimal vari-
ance of −2.12+.70−.83 dB below shot noise is reached. Fig-
ure 3 (a) shows the fraction f¯ as a function of the detun-
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FIG. 2. Output of the interferometer. (a) The microwave
detuning is varied for different Ramsey times τR = 250µs ( ),
τR = 500µs ( ), and τR = 1000µs ( ). The phase shift, set
by the microwave detuning (x-axis) and the evolution time
τ = τR +τmw, results in the Ramsey fringes in the transferred
fraction. The solid lines ( , , ) represent the results of our
model. (b) The phase adjustment time t is varied and the
corresponding variance of the transferred fraction is recorded
with respect to shot noise ( ). The data is well reproduced
by a sinusoidal fit ( ) and reaches clearly below shot noise
( ). Result of the classical interferometer ( ). The error
bars and shaded areas represent the statistical uncertainty.
ing in the vicinity of the mid-fringe position. The slope
is proportional to the contrast of the interferometer and
depends on the coherence properties of the input state.
A fit (blue solid line) yields a value of 0.48 rad−1, which is
close to the optimal value of 0.5 rad−1. The variances of
the population imbalance and the fitted slope yield the
phase estimation uncertainty (∆θ)2 = (∆f)2/(∂f¯/∂θ)2
displayed in Fig. 3 (b). At a detuning of −5.9 kHz, (∆θ)2
reaches a minimum value −1.56+.41−.45 dB below the SQL.
The two-sample variance, which rejects long term tech-
nical drifts and is therefore better suited to estimate the
fundamental noise, reaches −2.05+.34−.37 dB below the SQL.
The interferometric measurements also allow for a re-
construction of the squeezed vacuum state in mode |g〉.
The Wigner function in X-P -space after the optimal
phase adjustment time of 300µs is obtained from an in-
verse Radon transformation (Fig. 4 (a) and [20]). Its
profile is very close to the expected Gaussian distri-
bution, and is characterized by the squeezed and anti-
squeezed widths along the X and P directions, respec-
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FIG. 3. Determination of the phase estimation uncertainty.
(a) Mean values of the transferred fraction f¯ ( ) for five dif-
ferent microwave detunings (bottom x-axis) and correspond-
ing phase shifts (top x-axis) close to the mid-fringe position.
The slope of the linear fit ( ) is close to the optimum, as
represented by our model ( ). The error bars represent the
(sub-shot-noise) statistical uncertainty. (b) Phase estimation
uncertainty ∆2θSN( ) for the same detuning reach well be-
low shot noise ( ). The small detuning dependency of the
recorded sensitivity is reproduced by our single-atom model
including magnetic field noise ( ). The best phase estima-
tion uncertainty of −1.56+.41−.45 dB below the SQL is reached at
a detuning of −5.9 kHz. Error bars are statistical uncertainty.
tively. While this single-mode picture successfully de-
scribes the physics of our experiments, it can equiva-
lently be described by spin squeezing of the usual two-
mode pseudo-spin operators, as visualized on the multi-
particle Bloch sphere in Fig. 4 (b). It is worth not-
ing, that these collective pseudo-spin operators are iden-
tical to the SU(2) subspaces exhibiting spin-nematic
squeezing reported in Ref. [22]. Furthermore, the cre-
ated squeezed vacuum state can also be employed for
phase sensing in a nonlinear interferometer scheme of the
SU(1,1) type [23, 24].
In summary, our experiments present the first proof-
of-principle implementation of squeezed vacuum in an
atomic microwave clock. Microwave fountain clocks, pro-
viding the realization of the SI second, are currently
limited by the SQL [25–28]. In combination with the
recently developed sources of Bose-Einstein condensed
atoms with small densities [29, 30] and high repetition
rates [31], our results pave the way for the development
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FIG. 4. Reconstructed Wigner function and Bloch sphere
representation. (a) The data presented in Fig. 2 (b) is used to
reconstruct the two-dimensional Wigner function in the X-P -
space. Here, the Wigner function of the state after the optimal
phase adjustment time of t = 300µs is shown. (b) The inter-
ferometer is illustrated on the multi-particle Bloch sphere for
the states |g〉 and |e〉, in terms of the pseudo-spin operators
Jx = 12 (eˆ
†g + g†eˆ), Jy = 12i (eˆ
†g − g†eˆ), Jz = 12 (eˆ†eˆ − g†g).
The employed squeezed vacuum corresponds to an elliptical
uncertainty disk with variable orientation angle depending
on the phase adjustment time t. An optimal orientation an-
gle, as shown, allows for a measurement of the transferred
fraction with a sub-shot-noise uncertainty. The two radio-
frequency pulses generate rotations around the Jx-axis (I/III).
The phase shift corresponds to a rotation around the Jz-axis
(II).
of a new generation of atomic microwave clocks operating
beyond the SQL [20]. Our method is particularly robust
during state preparation. In contrast to existing propos-
als, it avoids the generation of entangled states with a
symmetric population of the two hyperfine levels, which
is plagued by two-body losses in the excited hyperfine
state. The limitations of our method for sub-SQL inter-
ferometry have not been reached yet: besides overcoming
technical restrictions, it has been shown [32] that an op-
timized version of the present interferometric scheme can
reach the ultimate Heisenberg limit of phase sensitivity
∆θ = 1/N .
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6SUPPLEMENTAL MATERIAL
Experimental sequence
Squeezed-vacuum state preparation. We start the exper-
iments with an almost pure Bose-Einstein condensate of
10, 000 87Rb atoms in an optical dipole potential with
trap frequencies of 2pi × (280, 220, 180) Hz. At a homo-
geneous magnetic field of 2.6 G the condensate is trans-
ferred from the level |F,mF 〉 = |2, 2〉 to the level |1, 0〉
by a series of three resonant microwave pulses. Dur-
ing this preparation, two laser pulses resonant to the
F = 2 manifold clean the system of atoms in unwanted
spin states. Directly before spin dynamics is initiated,
the output states |1,±1〉 are emptied with a pair of mi-
crowave pi pulses from |1,+1〉 to |2,+2〉 and from |1,−1〉
to |2,−2〉 followed by another light pulse. This cleaning
procedure ensures that no thermal or other residual exci-
tations are present in the two states where the squeezed
vacuum is prepared, since this may lower the entangle-
ment properties [33].
To generate the squeezed vacuum a microwave fre-
quency which is red-detuned by 208 kHz to the transi-
tion between the levels |1,−1〉 and |2,−2〉 is adiabati-
cally ramped on within 675µs. The microwave shifts the
level |1,−1〉 by 500 Hz, depending on the chosen detun-
ing, to compensate for the quadratic Zeeman effect of
q = 491 Hz, such that multiple spin dynamics resonances
can be addressed [5, 7]. Each resonance condition be-
longs to a specific spatial mode of the states |1,±1〉 to
which the atoms are transferred. If the energy of the level
|1,−1〉 is reduced, more internal energy is released, and
higher excited spatial modes are populated [5]. Here, we
choose the first resonance, where spin dynamics leads to
a population of the levels |1,±1〉 in the ground state of
the effective potential. This ensures an optimal spatial
overlap between the atoms in the three contributing lev-
els. This resonance condition is reached, when the input
state (two atoms in the BEC in the level |1, 0〉 at the
energy of the chemical potential) is exactly degenerate
with the output state (two atoms in the levels |1,±1〉 in-
cluding dressing, trap energy and mean-field shift). Due
to this degeneracy, the phase relation between the ini-
tial condensate and the output state stays fixed during
the spin dynamics evolution time. For this configuration,
we have checked that spin dynamics is the only relevant
process which produces atoms in the state |1,±1〉 (see
Ref. 34, Fig. 3). Subsequently, the microwave dressing
field is ramped down within 675µs, stays off for a vari-
able duration between 25 and 850µs before the interfer-
ometer sequence is initiated. The variable hold time t
allows for an adjustment of the phase ϕ of the remaining
condensate relative to the squeezed vacuum state.
Interferometer operations. We prepare all atoms in the
state |0〉 and then apply a resonant radio-frequency pulse
with a frequency of 1.835 MHz and a duration of 47µs,
which generates a superposition with 25 % of the atoms
in the levels |±1〉, respectively, and 50 % in the level |0〉.
This three-mode operation can be described equivalently
as a pi/2 pulse between the initial state |0〉 and the sym-
metric state |g〉. The antisymmetric state |h〉 remains
unpopulated. In a second step, we apply a microwave
pi pulse to the transition |0〉 → |e〉 with a detuning δ and
a pulse length τmw = 45.2µs. The combination of the
radio-frequency pulse and the microwave pi pulse realizes
an effective pi2 pulse between the symmetric state |g〉 and
the upper magnetically insensitive state |e〉 — the first
pi
2 pulse of the effective two-level Ramsey sequence. After
a variable Ramsey time τR, a second microwave pi pulse
with the same parameters transfers the atoms back to
|0〉 and a final resonant radio-frequency pulse couples |g〉
and |0〉. Again, the combination of the microwave pulse
and the subsequent radio-frequency pulse acts as an ef-
fective pi2 pulse between the clock levels |e〉 and |g〉 and
thus concludes the Ramsey sequence. It converts the
acquired phase into a measurable population difference.
This phase θ = 2pi τ δ is sensitive to both the microwave
detuning δ and the phase evolution time τ = τR + τmw.
During the complete interferometer sequence, the second-
order Zeeman shift is compensated by shifting the state
|1,−1〉 using a microwave coupling to the state |2,−2〉,
which is chosen such that both radio-frequency transi-
tions are resonant but the resonance condition for spin
dynamics is not fulfilled.
Detection. After the interferometer sequence, the
dipole trap is switched off to allow for ballistic expan-
sion. Following an initial expansion of 1.5 ms to reduce
the density, a strong magnetic field gradient is applied
to spatially separate the atoms in the three Zeeman lev-
els. Finally, the number of atoms in the three clouds, N0
and N±1, is detected by absorption imaging on a CCD
camera with a large quantum efficiency. The statistical
uncertainty of a number measurement is dominated by
the shot noise of the photoelectrons on the camera pixels
and amounts to 16 atoms. We estimate the uncertainty
of the total number calibration to be less than 1 %.
Relation between single-mode quadratures and
two-mode pseudo-spin operators
Atom interferometers are usually described with pseudo-
spin operators, where the atoms in the two interferom-
eter states |g〉 and |e〉 are treated as effective spin-1/2
particles. The action of an interferometer can thereby
be described on the multi-particle Bloch sphere, which
visualizes the many-particle state in terms of the to-
tal spin of the ensemble. The maximum spin length
J =
√
N
2 (
N
2 + 1) is reached for indistinguishable bosons
in a single spatial mode. In this case, the three spin
7operators can be defined as Jx = 12 (eˆ†g + g†eˆ), Jy =1
2i (eˆ†g − g†eˆ), Jz = 12 (eˆ†eˆ − g†g), in terms of the cre-
ation and annihilation operators of the corresponding
states. How can our experiments with a strongly pop-
ulated state |e〉 and a squeezed vacuum in state |g〉 be
described in this picture? In the limit Ne ≈ N  1,
we can apply the mean-field approximation eˆ, eˆ† ≈ √N .
The spin operators thus become equivalent to the quadra-
tures, Jx =
√
NX and Jy =
√
NP . For the created
state, the collective spin thus points along the z-direction,
Jz = N/2, and is squeezed in the orthogonal plane in
the same way as the quadratures. Figure 4 (b) indicates
the fluctuations of the orthogonal spin components Jx
and Jy, which are well represented by the reconstructed
Wigner function in the mean-field approximation, visu-
alizing the close connection between spin-squeezing and
quadrature squeezing [35, 36]. The figure also presents
the action of the interferometer sequence which results
in a phase estimation uncertainty beyond the SQL. It
is worth noting, that these collective pseudo-spin opera-
tors are identical to the {Sx, Qyz, (Qzz −Qyy)} subspace
exhibiting spin-nematic squeezing reported in Ref. 22.
The {Sy, Qxz, (Qxx −Qzz)} subspace corresponds to the
pseudo-spin basis of the states |e〉 and |h〉 and exhibits
squeezing in the orthogonal direction.
Theoretical description of the three-mode
interferometer
The symmetric rf coupling between |0〉 and |±1〉 is de-
scribed by the Hamiltonian [37, 38] Hˆrf = ~Ωrf2√2
(
aˆ†+1aˆ0 +
aˆ+1aˆ
†
0 + aˆ
†
−1aˆ0 + aˆ−1aˆ
†
0
)
. This operation, implemented
for a time t = pi/2 × Ω−1rf and followed by a microwave
pi pulse on the clock transition coupling |0〉 to |e〉, cor-
responds to a balanced beam splitter Uˆbs = e−i(pi/2)Jx
between |e〉 and the symmetric state |g〉. Notice that the
antisymmetric state |h〉 is untouched by this operation.
Free precession leads to the accumulation of a relative
phase θ between the modes |e〉 and |g〉. This is described
by Uˆps = e−iθJˆz . The interferometer is closed by a second
beam splitter (i.e. a microwave pi pulse followed by a bal-
anced rf coupling) such that the overall transformation
is Uˆclock = UˆbsUˆpsUˆbs = e−ipiJxe−iθJy , corresponding (up
to e−ipiJx) to a spin rotation of an angle θ around the
y-axis. The interferometer signal is the average fraction
of atoms in the mF = ±1 levels:
f = N+1 +N−1
N
= Ng +Nh
N
. (1)
Taking into account the above interferometer transfor-
mation, we have
f = 12 −
Jz
N
cos θ − Jx
N
sin θ + Nh2N . (2)
In the limit N  Ng, Nh, neglecting fluctuations of the
total number of particles, we find f¯ = sin2 θ2 (taking X =
0) and, neglecting fluctuations of the total number of
particles,
(∆f)2 ≈ (∆X)
2
2N sin
2 θ. (3)
The phase sensitivity reaches its maximum at mid-fringe
(θ = pi/2) where
(∆θ)2 = (∆f)
2
(∂f¯/∂θ)2
∣∣∣∣
θ=pi/2
= 2
N
(∆X)2. (4)
Single-atom model
The Hamiltonian of a single particle under the influ-
ence of a radio-frequency coupling of the levels |F,mF 〉 =
|1, 0〉 ↔ |1,±1〉 and a microwave coupling of the levels
|1, 0〉 ↔ |2, 0〉 can be written in matrix form as
H =

δrf + q2
Ωrf
2
√
2 0 0
Ω∗rf
2
√
2 0
Ω∗rf
2
√
2
Ωmw
2
0 Ωrf2√2 −δrf +
q
2 0
0 Ω
∗
mw
2 0 −δ
 (5)
in the basis corresponding to the levels
[|1,+1〉 , |1, 0〉 , |1,−1〉 , |2, 0〉]. Here the parameters
are the coupling strength Ωrf and the detuning δrf of the
applied radio-frequency field and the coupling strength
Ωmw and the detuning δ of the applied microwave field
as well as the energy difference q of the symmetric state
with respect to the level |1, 0〉. It is straight forward to
obtain the unitary evolution of a single-particle wave
function as U(t) = exp(−itH). For instance, to obtain
the unitary evolution during a radio-frequency pulse
of length τrf , we set the microwave coupling to zero
Ωmw = 0 and compute Urf(τrf) = exp(−iτrfH). In this
way, we can simulate the classical interferometer.
In a Ramsey sequence, a fraction P±1 of the remaining
atoms in the level |2, 0〉 is transferred to the levels |2,±1〉
by the second radio-frequency coupling. These atoms are
indistinguishable from the atoms in |1,∓1〉 for our ab-
sorption detection since they experience almost the same
acceleration due to the magnetic field gradient. In order
to get good agreement with the experimental data, we
thus add P±1Ne to the number of atoms N∓1 obtained
from our single-particle simulation and (1−P+1−P−1)Ne
to N0. The model is extended to a Monte Carlo simu-
lation to include the magnetic field noise by repeating
the calculation for a random set of magnetic fields. The
parameters have to be adapted accordingly for each cal-
culation. In the same way, other noise sources like radio-
frequency or microwave power fluctuations are simulated
in a detailed noise analysis. The coupling strengths, the
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FIG. 5. Atomic fraction in the Zeeman levels. The mi-
crowave detuning is varied for a Ramsey time τR = 250µs.
The atomic fractions in the levels |1,−1〉 ( ), |1, 1〉 ( ) and
|1, 0〉 ( ) are recorded. The solid lines ( , , ) represent the
results of our model.
magnetic field noise and the energy difference q are mea-
sured independently and we achieve excellent agreement
with the experimental data with the radio-frequency de-
tuning as the only free parameter as presented in Fig. 2
(a) and Fig. 5. The radio-frequency detuning leads to
the small phase shift between the oscillation of the frac-
tion of atoms in the mF = +1 state and the fraction of
atoms in the mF = −1 state as can be seen in Fig. 5.
This phase shift is due to a mean population of the anti-
symmetric state. Hence, a radio-frequency detuning can
lead to a reduced contrast of our interferometer. How-
ever, it is important to notice that it does not shift the
fringe positions and does thus not effect the accuracy of
the clock.
Noise analysis
The additional technical noise of the interferometer is due
to the combination of several noise sources. Most im-
portantly, shot-to-shot fluctuations of the magnetic field
lead to a differential phase shift δφ = t∆B 700 kHz/G2
of the mF = ±1 levels. In the basis of the symmetric
and antisymmetric states, this drives the initially purely
symmetric state into a superposition of the symmetric
and the antisymmetric state.
|g〉 = 1√
2
(|1,+1〉+ |1,−1〉) (6)
→ 1√
2
(eiδφ |1,+1〉+ e−iδφ |1,−1〉)
= cos(δφ) |g〉+ i sin(δφ) |h〉
The population of the antisymmetric state thus varies
as a consequence of fluctuations of the magnetic field,
adding noise to the interferometer signal in equation (1).
This effect is included in the single-particle model de-
scribed in the previous section, which reproduces the de-
creasing trend of the fluctuations towards larger detuning
for a magnetic field noise of 100µG as shown in Fig. 3
(b). This can be understood in the following way: The
interferometer signal can be expressed as
f = Ng +Nh
N
= fid(N −Nh) +Nh
N
(7)
= fid + (1− fid)Nh
N
where fid = Ng/N is the ideal interferometer signal for a
vanishing population of the antisymmetric state. Thus,
the fluctuations of the interferometer signal ∆f due to a
fluctuating population of the antisymmetric state ∆Nh
are
∆f = (1− fid)∆Nh
N
(8)
Since 1 − fid decreases for an increasing detuning, this
noise contribution becomes increasingly small.
FIG. 6. Allan standard deviation of the fractional instabil-
ity. The data ( ) represent the fractional uncertainty of the
frequency measurement as displayed in Fig. 3, as a function
of the total averaging time. The instability starts well below
the standard quantum limit ( ) until it senses environmental
noise (see text).
The long term noise properties of our measurements
are studied in Fig. 6 which shows the Allan standard de-
viation of the difference between the atomic frequency
and the microwave reference frequency, corresponding to
the measurement point at δ = −5.9 kHz in Fig. 3. For
short times the instability stays below the standard quan-
tum limit, averaging according to τ−1/2. For longer av-
eraging times τ the influence of the laboratory’s air con-
ditioning cycle at 1000 s and 4000 s becomes apparent.
At the longest averaging times, the measurement starts
sensing fluctuations with the daytime which have a typi-
cal time scale of 2×104 s in our lab. At the minimum, we
reach a relative instability of 6.01×10−10. The long-term
technical noise sources limit the achievable squeezing in
our setup, but could be largely suppressed in a designed
metrology apparatus such as a microwave fountain clock.
However, the two-point variance (the first data point)
shows that the squeezing remains stable for large averag-
ing times of more than 104 s.
9Wigner reconstruction
The data of Fig. 2 (b) can be interpreted as the marginal
distributions of the squeezed vacuum state after homo-
dyne detection. To show this we introduce new mode
operators g˜ = e−iϕg, where we have absorbed the local
oscillator phase. The Hamiltonian Hg and the single-
mode quadrature-squeezing operators Sg(iξ) are thus
Hg˜ = ~Ω2 (g˜†g˜† + g˜g˜) and Sg˜(ir), respectively, which are
formally independent of the local oscillator phase. In
the new state g˜, we can write X = X˜ cosϕ+ P˜ sinϕ. Ac-
cording to equation (2), at mid-fringe position and in the
limit N  Nh, measurements of f corresponds to tomo-
graphic quadrature measurements taken at different an-
gles ϕ. By repeating the quadrature measurements ∼ 100
times for different values of ϕ (we considered 20 local os-
cillator phases in a pi interval) we recover the probabili-
ties P (X|ϕ). The data is used to reconstruct the Wigner
distribution of the squeezed vacuum state via an inverse
Radon transformation [39, 40]
W (X˜, P˜ ) =
∫
dX
∫
dϕ
2pi2 P (X|ϕ)K(X˜ cosϕ+P˜ sinϕ−X)
(9)
with the integration kernel
K(x) = 1
x2
[cos(kcx) + (kcx) sin(kcx)− 1] (10)
and kc is a cutoff that reduces numerical artifacts asso-
ciated with the reconstruction. Figure 4 (a) shows the
reconstructed Wigner function obtained with kc = 2.
We used only bare data without any assumption on
the quadrature distributions. Negative parts are due
to the low statistics. We have also performed a den-
sity matrix reconstruction using a maximum likelihood
method [37, 40] and assuming Gaussian distributions for
the quadrature at each ϕ. In this case we obtain a fully
positive Wigner function with the same Gaussian shape
and quadrature squeezing of the ones in Fig. 4 (a).
Application to atomic fountain clocks
Today’s best microwave clocks, providing the realiza-
tion of the SI second, are based on laser cooled atoms
which are interrogated during free fall in an atomic foun-
tain. Their statistical uncertainty is currently limited by
the SQL [26–28]. A reduction of the SQL contribution
by a mere increase of the number of atoms is problem-
atic: The increased density leads to a larger collisional
shift which gives rise to one of the largest systematic
uncertainties. Our experimental results point the way
towards a new generation of microwave clocks. With
the recently demonstrated production of diluted BECs
with 1 nK kinetic temperature [29, 30] and 4×105 atoms
within 1.6 s [31] , sources of condensed atoms have been
developed that fulfil the requirements of atomic fountain
clocks. Bose-Einstein condensates offer an unprecedented
control over the spatial mode of the atoms. Can atomic
microwave clocks benefit from these advances like they
did in the past from laser cooling to microkelvin temper-
atures? In principle, the spatial control allows to decrease
systematic uncertainties due to the quadratic Zeeman ef-
fect and due to a disturbed microwave cavity phase with
higher precision. The operation with squeezed vacuum,
as demonstrated in our experiments, allows to push the
stability beyond the SQL, thus allowing for short averag-
ing times at small atomic densities and for an improve-
ment of the resulting accuracy.
